Abstract-We demonstrate trajectory control of the tip of an inverted pendulum atop a small unmanned aerial vehicle. In this paper we discuss how exploiting the differential flatness of combined systems provides a realization of adequate control. A differential flatness controller is derived for trajectory control of a pendulum tip. Simulation results are presented for tip trajectory tracking with and without added noise. A framework for hardware demonstration is established. Vertical take-off and landing (VTOL) system capabilities are further explored as well as active/passive manipulation using quadrotors.
I. INTRODUCTION
The inverted pendulum is well-known as one of the foremost classic control problems. It offers a well described and realizable nonlinear unstable system. As such, this problem has been investigated for several decades [13, 15] . Vertical takeoff and landing (VTOL) systems are emerging as a popular platform on which to demonstrate various control techniques such as reinforcement learning [10] , neural networks [20] , and fuzzy control [18] to name a few. The complex control problem of an inverted pendulum on top of a small unmanned aerial system (SUAS) has been achieved only recently [8] . This was done using an infinite-horizon linear-quadratic regulator (LQR) design [3] . The combination of these systems is relatively new and currently limited by the availability of a visual feedback system providing high accuracy indoor control [7] . Differential flatness based control has been shown to be simple and robust [4, 14, 17] . In this paper we propose and demonstrate a control strategy for this combined system exploiting the property of differential flatness.
Maintaining robust control of an unmanned VTOL system is a vast area of current research. However, extending controllability of a quadrotor to cooperate in tandem with an inherently unstable passive system such as an inverted pendulum has received little attention [8, 12, 16] . In order for VTOL systems to become viable options for various applications such as bridge/industrial inspection, service industry or indoor automation further exploration must occur. This research contributes in that exploration. This high level extended trajectory control given the under powered and actuated system has been, as yet, unrealized [11] some comparable work has been done on flying inverted pendulums [8] , trajectory control extended to the passive system has not been attempted until now. The main contributions of this paper are as follows:
• A differential flatness controller is derived for trajectory control of a pendulum tip.
• Simulation results are presented for tip trajectory tracking with and without added noise.
• A framework for hardware demonstration is established. Section 2 will introduce the dynamic models used in the controller design. Section 3 presents the benefits of differential flatness based controller design and the corresponding state mappings. The simulation model and results are shown in Section 4 and conclusions are drawn in Section 5, where an outlook is also presented.
II. DYNAMIC MODELS
All equations of motion for the quadrotor and the inverted pendulum are independent of any trajectory and can therefore be generalized to a variety of cases. It is also important to note that in the derivations of these models the effect of the pendulum mass on the quadrotor is neglected. This assumption and relating justifications have been discussed by Hehn [8] .
A. Frames of Reference
Frames of reference in this paper have been adopted from this recent text [2] . The coordinate frames of interest are defined as follows:
• F i = the inertial coordinate frame unit vectorî i is directed North,ĵ i is directed East, andk i is toward the center of the earth. Due to the small workspace required for this project we shifted the origin of this frame from earth centered to a locally determined point for convenience.
• F v = the vehicle frame. These axes are aligned with those of F i . However, the origin is at the center of mass of the quadrotor.
• F v1 = the vehicle 1 frame. F v1 shares the same origin as F v . However, F v1 is positively rotated aboutk v by the yaw angle ψ so that if the airframe is not rolling or pitching, thenî v would point out the nose.
• F v2 = the vehicle 2 frame. F v2 shares the same origin as both F v and F v1 . This frame is obtained by rotating F v1 in a right-handed rotation about theĵ v1 axis by the pitch angle θ. If the roll angle is zero, thenî v2 points out the nose of the airframe.
• F b = the body frame. This is obtained by rotating F v2 in a right handed rotation aboutî v2 by the roll angle φ. Therefore, the origin is the center-of-gravity,î b points out the nose of the airframe,ĵ b points out the right wing, andk b points out the belly.
B. Quadrotor
The state variables of the quadrotor are the following twelve quantities: Derivations of the following model for the quadrotor dynamics given these states can be found here [2] .
J x , J y , and J z represent the quadrotor's inertial constants, g is the acceleration of gravity (9.80665 m /s 2 ), c:=cos, s:=sin, t:=tan and F :=thrust due to rotors.
C. Inverted Pendulum
Definition of variables:
The pendulum's equations of motion were derived using Legrange's method and are given by:
*For a more detailed derivation of the above equations refer to the Appendix.
The control design will require measurement of the states of the pendulum tip for trajectory control. These are functions of previously defined states.
III. CONTROLLER DESIGN
A two-tier hierarchy controller was designed for any arbitrary trajectory using full state feedback and feedforward methodology by exploiting the differential flatness of the system.
A. Differential Flatness Control
A differentially flat system has many useful properties that have been shown to be profitable in trajectory tracking [5] . One of these useful properties is that the state and input variables can be directly expressed in terms of the flat output and a finite number of its derivatives without integrating any differential equations. This general idea can be traced back to works by D. Hilbert and E. Cartan [6] on under-determined systems of differential equations, where the number of equations is strictly less than the number of unknowns. This method has received increasing attention and been developed as a general solution for various applications [19] .
B. Pendulum Tip Trajectory Controller
The first tier in the hierarchal controller seeks to control the trajectory of a simple point mass (our pendulum tip). We use an infinite-horizon linear-quadratic regulator (LQR) design for feedback [3] and provide feedforward from the given trajectory.
Appropriate states for a given trajectory:
Actual states of the pendulum tip:
State space for computing the LQR gain matrix:
Desired acceleration given the LQR gain matrix K:
Input for a given trajectory:
u pm =ū +ū r
Total input to the point mass system:
C. Mapping to Quadrotor/Pendulum System
To realize the desired acceleration, u pm , on the pendulum tip we require a mapping from input variables to system state variables. This is provided given the assumption that the quadrotor can only act on the pendulum tip in the direction along the pendulum shaft as seen in figure 1. Thus, the required system states can be found as follows:
The following have been set to zero since an appropriate mapping would require estimating a desired jerk applied to the pendulum tip.
x vr =ẏ vr = u r = v r = w r = 0 (21)
D. Quadrotor/Pendulum System Controller
The second tier in our hierarchal controller seeks to control the state of combined system of the inverted pendulum and quadrotor. We use the same methods as those described in the first tier. However, there is no reference acceleration.
Appropriate states given the previous mapping: 
E. Mapping to Quadrotor Inputs
Assuming the pendulum states to be small values, the system is linearized about a balanced pendulum. This results in:
Therefore u can be expressed as:
For the general model of the quad we define the vector of inputs to be:
The on-board attitude controller closes the loop on the desired input commands which eliminates the need to provide any further control on the system. The mapping from u to ν has been adopted from Ferrin's text [5] . Let m q be defined as the mass of the quad.
The limits and benefits of this approach are described in [5] .
IV. RESULTS
The algorithms presented were implemented initially using MATLAB/SIMULINK and then transferred to the Robust Intelligent Sensing and Control Multi-Agent Analysis Platform (RISC MAAP) using python as described in [1] . We present results demonstrating the performance of the controller designed in the previous section. Two vehicles were evaluated for demonstration. The Parrot AR.Drone (suggested by Krajnik for use in education [9] ) and the 3DR IRIS (a Pixhawk based system from 3D Robotics). These unmanned aerial systems are significantly different. Thus, our simulation was designed for a generic case using the RISC MAAP as shown in figure 2 . The RISC MAAP is equipped with an infrared motion tracking system that provides accurate vehicle position and attitude measurements at 200 Hz. The communication systems for both vehicles are wireless and can be assumed to incorporate some delay. The inverted pendulum is composed of a carbon fiber tube approximately 1 meter in length. The top end of the pendulum is mounted with similar markers as the quadrotor, allowing the position of this point to be determined through the motion tracking system.
Fig. 3. AR.Drone with Pendulum
A. Simulation A flat figure eight trajectory was chosen given that it is a simple path that is mathematically realizable. The system's initial conditions were set outside the given trajectory to demonstrate stability. Keeping in mind our assumed data rates and delays, we see a tightly held trajectory in figure  4 . Desired and actual trajectories for each axis can be seen in figure 5 , while overall positional errors are displayed in figure 6 . These results include a 2mm S.D. white noise on the position of the pendulum and the quadrotor. This is to account for the noise in the RISC MAAP system. As can be seen in the above figures, the actual states converge to the desired trajectory within a short time frame (∼10 seconds). While there is some oscillation about the trajectory, the pendulum tip remains stabilized within acceptable bounds. This was achieved with minimal tuning. However, for demonstration on hardware more aggressive tuning will likely be necessary.
V. CONCLUSION
We have demonstrated trajectory control in simulation of the tip of an inverted pendulum atop a small unmanned aerial vehicle. State mapping permitted through exploitation of the differential flatness of the combined systems has proven a useful tool for extending control to a passive system. The simulation displayed significant robustness in the presence of noise well within the bounds expected using the RISC MAAP (2 mm S.D.). Given the data provided in this paper, this experiment is expected to be realizable on the current RISC MAAP system. This research explores and exposes as yet unrealized capabilities and possibilities of VTOL platforms. We suggest there is still much research to be done in order to understand the possible extensions to the sensing/acting capacities of these unmanned aerial systems.
APPENDIX

Pendulum Derivation using Lagrange's Method
Let:
• L = length of the pendulum • m = the mass of the pendulum
We assume the center of mass to be at the pendulum tip. Considering the relatively large mass mounted to lightweight carbon tubing this is a reasonable assumption.
ζ terms
Potential Energy
Legrangian and Partial Derivatives Therefore,
Leading to the Final Solution:
